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Abstract

In this paper, we establish the block matrix decomposition of ‘" order slant Toeplitz operators.
We also establish some relations between the compressions of &' order slant Toeplitz and k'"
order slant Hankel operators on H 2. In the last section, we introduce the notion of k*" order
slant Toeplitz graphs.

Keywords: generalized slant Toeplitz operator; generalized slant Hankel operator; block matrix
decomposition; k" order slant Toeplitz graphs.


https://mjms.upm.edu.my

K. P. Singh et al. Malaysian J. Math. Sci. 17(4): 755-768(2023) 755 - 768

1 Introduction

In this paper, we will denote by T the unit circle, L?(T) the Hilbert space of square-integrable
functions on the unit circle T, L>°(T) the space of all essentially measurable functions on T, H?(T)
the subspace of L?(T) of analytic functions on T and H>°(T) the space of all the functions that are
analytic and bounded on T.

Otto Toeplitz introduced and studied the Toeplitz operators in the year 1911 [13]. The rela-
tionships between the matrices and symbols of Laurent and Toeplitz matrices were established by
Brown and Halmos [4]. Many properties of Toeplitz operators have been further established. The
study of slant Toeplitz operators is due to the efforts of Ho in 1996 [9]. Some basic properties such
as norm, spectrum, compactness, eigenvalues and eigenvectors, etc., of this type of operators were
also extensively studied [9].

The notion of slant Hankel operator was introduced by Arora et al. in 2006 [2]. Several basic
properties such as norm, compactness along with various spectral properties were also discussed
[1]. The characterization of a k*" order slant Hankel operator and its several algebraic properties
were analysed by Arora and Bhola [3]. Further, the relations between Hankel and Toeplitz oper-
ators via block matric decomposition of multiplication operators were established by Chu [5] to
study the compactness of their product.

In this paper, we try to extend the idea of this block matrix decomposition on generalized slant
Toeplitz operators on L? to establish various relations between the compressions of generalized
slant Hankel and generalized slant Toeplitz operators on H?.

2 k'™ Order Slant Toeplitz Operators

Let B = {z! | i € Z} be the standard basis for L*(T). If ¢ € L>°(T) is a function, then (%) is of
the form given by

pz) = Y aiz,
where a; = (i, 2%) is the i‘" Fourier coefficient of .
Definition 2.1. The Toeplitz operator T, : H* — H? is defined by T,,(f) = P(¢f), forall f € H?.

Definition 2.2 (k" order slant Toeplitz operator). For any integer k > 2, the k'"* order slant Toeplitz
operator U} on L*(T) is the operator given by,

Uﬁ(zl): Z api 12"

1=—00
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With respect to the standard basis B, the matrix representation of U% is the given by,

ap a_1 a_o ¢

[Uk] — ag ak—1 ak—2 s agp
viB c.e. Q2 A2k—1 QA2k—2 ... g
azg  a3k-1 a3k-2 ... QA2

Definition 2.3. Now, the compression V. of U to the space H?(T) is defined by,
k _ prrk
Vso =P U<P|H2’

where P is the orthogonal projection of L* onto H?.

Then, the matrix of qu is given by,

ap a_q a_9 cee Ak
ag Qp—1 QAp—2 ‘e ap
[Vj] - agg  Qagk—1 QA2k—2 ... Ok
agg  G3k—-1 @3g—2 ... A2k

Definition 2.4. Let Wy, be the operator on L*(T) defined by,

. 2r ifk |,
Wi(z') =
W) {0 otherwise.
Definition 2.5. The adjoint of W), is given by,

Wiz =2"% foralln € Z.

For all nonnegative integers n and for r = 1,2,3,...,k — 1, we have

PWyzkn = P2" = 2" = Wi,2*" = W, P2F",
and

PWyp2F T = PO = 0 = W27 = Wy P2,

Also,

PWjz™ = PP = 2 = Wi = Wi P2
It is obvious that U} = W}, M,,, where M,, is the multiplication operator on L? induced by ¢. Now,

VE = PUL|,. = PWiM,

= WpPM,|,, = WiT,,

|12 |12 |12
where T, = PM,| 12 is a Toeplitz operator on H?*(T).

Definition 2.6. The Hankel operator H, : H*> — H? is defined by,

H,(f) = PJ(¢f), forall f € H?,
where J denotes the flip operator on L? given by J(f(z)) = f(z) forall f € L2
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Definition 2.7 (k" order slant Hankel operator). For any integer k > 2, the k" order slant Hankel
operator D% on L*(T) is the operator given by,

Df,(zl): Z a_pi 12t

i=—00

With respect to the standard basis 3, the matrix representation of the k‘" order slant Hankel op-
erator D, is given by,

ap a_1 a_o e a_g

[D’“] _ a—  G_g-1 G_fg-2 ... G 2k
©1B cee Q2k Q2k—1 G_2p—2 ... G_3k
-3k G-3k—1 Q-3k—2 ... Q(_4k

Definition 2.8. Now, the compression EY of DY to the space H*(T) is given by,
k _ ppk
Ew =PD LP{HQ’

where P is the orthogonal projection of L* onto H2.

Then, the matrix of EY is given by,

ap a_1 a_o . a_p

a—p G-g—1 G—fg—2 ... Q2

[EZZ] — a—2k G_2k—1 G—2k—2 ... G_3k
a_3k G—3k—1 G—3k—2 ... O_4k

Obviously, D:Z = JW,M,.

Thus,

E_ k
Esa _PDvJ’Hz

= PJWpMy| . = We PIMy| > = Wi H,,
where H, = PJMy,|,,, is a Hankel operator on H*(T).

Lemma 2.1. The adjoint of Wy, is multiplicative on L*(T), i.e., for any ¢,v € L*(T),
we have Wy (o) = (W) (Wie).

Proof. It can be easily seen that,

Wii(e) = (09)(") = (") - (") = (W) (Wiiy).

Theorem 2.1. If ¢,v € L*(T), then

k—1
Wi(py) = (Wrp)(With) + > 2(Wiz ") (Wiz*74)).

r=1
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Proof. Let P, denote the projection from L? on the closed span of
{zbntr . neZandr =0,1,2,...,k —1}. Then, ¢ € L?(T) can be written as

©(2) = 0o(2F) + ©1(Z*F1) + 0o (2F42) + o3 (253 + -+ + o1 (TR,

where ¢,.(2%) = P.(p(2)). Now,

@(2) = po(2") + 201 (%) + 222 (2F) + B3 (2F) + -+ 2F 1 ( Z 2" op(z

Similarly, ¢ € L?(T) can also be written as,
P(2) = Po(2*) + 2901 (") + 229 (") + 2205 () + - 4+ 2" T ( Z 2°1s(2

Now,

— pol2)(2) + _ S r(2)
= (Wip(2)) (Wi (2) + kZWk (20(2) Wi (207 0(2))
Hence, we have _
Wi(ov) = (Wiep(2)) (With(2)) + zkijwk (Z(2)) Wi (25779(2))

This proves the theorem.
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o0 oo

Corollary 2.1. If ¢(z) Z 2K or (2 Z ZF™ then Wy, is multiplicative on L*(T) ie.,

Wi(pv) = (Wie) (Wit)).

Proof. If ¢(= Z 2F, then Wy, (27p) = 0 forr = 1,2, ...,k — 1. Thus, by Theorem 2.1, we get
Wi(py) = (Wip)(Wi)).

Similarly, the result holds if (= Z P O

Corollary 2.2. If p(z Z 2K or (2 Z 2F™ then the product of two k" order slant Toeplitz

n=—oo m=—0o0

operators is a k' order slant Toeplitz operator i.e., UY, = ULU}.

Proof. Since UE = Wy, M,,, we have U f = Wi.(y)f forall f € L*(T).

o oo

If (2 Z 2R or (= Z 2™, then U, = (W) (With).

k k
Thus, Uz, =Ug Uw

This proves the corollary. O

3 Block Matrix Representation of U fj

A decomposition of a Hilbert space H in the form M & M~ leads to a block matrix represen-
tation of operators on H [12]. Suppose A is an operator on H. If P is the projection of H onto M,
A\ is the restriction of PA to M, Aj is the restriction of PA to M+, As is the restriction of (I — P)A
to M and A, is the restriction of (I — P)A to M~, then A can be represented by

_ (A Az)
A= ()

Since UZZ is an operator on L?(T), it can be expressed as an operator matrix with respect to the
decomposition L? = H? & (H?)* as follows,

PUMlLy POl

I_P)ULI;‘(HQ)L

k_
U, =

(I-P)UE| . (

If f(z) = f(Z), then the following relations can be easily established;

k —_ 1k
1. PUE|,. = VL.
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k — rk
2. PUE| 2. = E5J.

3. (I - P)UE|,. = JEL.

4. (I - P)U’ﬂ{(HZ)L = JVEJ.

Thus, the block matrix representation of the k' order slant Toeplitz operator U, :j : L? — L? with
respect to the decomposition L? = H? & (H?)? is given below,

k k
AL
Up = k k
JEL JVEJ
Similarly, for ¢ € L>°(T), we have
k k
A Y
Uy = k k
B JVE]
Now,
k k k k
- vy  EBLJ Vi ERJ
UU; =
e \umre gves ) \JEE JvEy
@ @ L4 ¥
K17k ok pk k ok Kk
VAVE+ BEES  VEBRT + BEVE]
- ky/k k ok k ok ky/k
JEV + ‘]VLﬁ Ey JESOE{;J + JV('Z V?ZJ
Also,
k
e vh, o B
o\ JEE, JVE g
vy =)
If p(z Z 2K or (2 Z 2", then, by Corollary 2.2, UF,, = ULU}.

Comparing the upper and lower left corners of the matrices U;fw and U} UZZ, we get the follow-

ing important relations between the compressions of k*" order slant Toeplitz and k' order slant
Hankel operators.

[ee] (oo}

Theorem 3.1. Let , v € L=(T). If p(2) Z 2P or (2 Z 2F™ then;

n—=——oo m=—0o0

(1) V), =ViVy + EEE], and

ky/k k ok
(2) Bk, = ELVE + VEED,
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Corollary 3.1. If ¢ € zH®, then;

(1) the product of two compressions of k" order slant Toeplitz operators on H? is a compression of a k*"
order slant Toeplitz operator on H? i.e., Vj Vf = ij, and

(2) the product of a compression of a k' order slant Hankel operator and a compression of a k*" order slant

Toeplitz operator on H? is a compression of a k' order slant Hankel operator i.e.,, VFE} = Ef, .

Proof. If ¢ € zH*, then,

oo o0
P(z) = ZZ apz® = Zakzkﬂ.
k=0 k=0

Thus,
JY(z) =J (Z aw’““) =apz ' tarz ? tagz T+ € (H?)T.
k=0
This implies that Hy, = PJvy = 0, and hence, Efz = 0. Thus, from the above Theorem 3.1, we can
obtain the following relations.
VE, =V}V)and Ef, = ELV.
This proves the corollary. O
Theorem 3.2. If § € zH™, then VY Ej, = EyVE.

Proof. By Theorem 3.1, we have
k _ pkyk k ok
Ejy = EVy + VI Ey.
So,
k _ pkvk k ok

Since ES =0 for § € zH>, we have

EL, =V}IEy. (1)
Similarly, E},, = EFVEF + VéfEZZ and Ejj; = EjVE + Vng.
Hence,

E%, =E}V}. (2)
Thus, from (1) and (2), we get VI E}, = EjVE. O
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4 k'™ Order Slant Toeplitz Graphs

In [14], the concept of Toeplitz graphs with symmetric Toeplitz adjacency matrices had been
studied. The corresponding graphs thus obtained were undirected simple graphs. But, what will
be the nature of the graphs if we take non-symmetric adjacency Toeplitz matrices? To solve the
discrepancy, the concept of directed Toeplitz graphs has been introduced in [11], in which the
graphs are directed graphs without loops with Toeplitz adjacency matrices. In this paper, we
extend the idea of these directed graphs with loops to introduce the notion of k' order slant
Toeplitz graphs whose adjacency matrices are k' order slant Toeplitz matrices.

Definition 4.1. A directed k'" order slant Toeplitz graph U* is defined as a digraph with a k" order slant
Toeplitz adjacency matrix.

The main diagonal of a k' order slant Toeplitz adjacency matrix of order (n x n), will be
labelled 0 and it contains only zeros. The n — 1 distinct diagonals above the main diagonal will
be labelled 1, 2,...,n — 1, and those under the main diagonal will also be labelled 1,2,...,n — 1.
Let aj, aq,. .., as be the upper diagonals containing ones and b1, b, . . ., b; be the lower diagonals
containing ones, such that0 < a1 < ag < --- <as <nand 0 < b; < by < --- < by < n. Then the
corresponding k‘" order slant Toeplitz graph will be denoted by U¥ (a1, as, ..., as;b1,ba, ..., b).
Hence the graph Uk (a1, as, ..., as;b1,bs, ..., b)) with vertex set {1,2,...,n} is a digraph whose
adjacency matrix is a k" order slant Toeplitz matrix in which the arc (i, j) occurs if and only if

-1
j:k:(z'—l)—i—l—i—arori:jT+1+blforsome1§r§sand1Slgt.

Example 4.1. Let p(2) = 27° + 4274 + 322 + 524

Then, by Definition 2.3, the matrix representation of V2 with respect to the orthonormal basis
B is given by,

OO OO UTOoO Wo
OO DO OO
O OO Uto WwWo o
OO O OO OO
OO UNO WO o+
OO OO OO o
OO WO oo
O OO OO OO0

The indicator binary matrix (which replaces each non-zero entry by 1) of the above matrix is given
by,

00011000
1 0000T1T10
00100001
1 0001000

[Vz}:O()lOOOlO

viB 00001000
0000O0GO0T1O0
00 00O0O0TO0O0
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The corresponding k'" order slant Toeplitz graph of the above matrix will be U% (3, 4; 1, 3) as given
in Figure 1.

n 2n—17 2n —3 2n + 2 2n+3

—
S

Figure 1: Ufo (3,4;1, 3).

It may be noted that the out-degree of a vertex v is the number of arcs incident from v, and
is denoted by outdeg(v) [15]. Similarly, the in-degree of a vertex v is the number of arcs incident
to v, and is denoted by indeg(v). And if the digraph has loops, then each loop contributes 1 to
both the out-degree and the in-degree of the corresponding vertex. Thus, for the given digraph
U2 (3,4;1,3) as shown in Figure 1, outdeg(1) = 2, outdeg(2) = 3, outdeg(3) = 3, outdeg(4) = 4,
and indeg(1) = 2, indeg(2) = 0, indeg(3) = 1, indeg(4) = 1.

For an arbitrary vertex n, we can determine its out-degree by taking ¢ = n in the formulae

-1
j=k(i—1)+14a,o0ri= JT+1+bl. In the above graph U2, (3,4;1,3), we have k = 2, a; = 3,

az =4, b = 1and by = 3 and thus we get the vertices incident from n given by j = 2n — 7, 2n — 3,
2n + 2, 2n + 3. Clearly, for n > 4, the out-degree of the vertex n is 4.

n—3n—2n+3 n+7

Similarly, the vertices incident to n are given by i = 5 T Ty g Thus, we can

easily observe that for n > 4,

. 1, if niseven,
indeg(n) = "
3, if nisodd.
For the digraph U2 (3,4; 1, 3), the out-degree and the in-degree sequences are (2,3,3,4,4,4,...)
and (0,1,1,...,1,1,2,3,3,...) respectively.

Example 4.2. We can also find some digraphs which contain no loops. Consider a 9 x 9 upper triangular
k" order slant Toeplitz matrix with k = 2 as given below:

OO DD OO O OO
OO O OO OO
OO O OO O OoOo
[ eleleoNeBol S =
OO DO OO O
[=levlelaNoll S =]
OO OO OO+ O
[N eleNoell ool
OO DD OO OO
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Figure 2: U3 (1, 5; 0).

The corresponding k‘" order slant Toeplitz graph of the above matrix will be UZ(1, 5; 0) as given
in Figure 2.

It can be clearly seen that outdeg(l) = 2, outdeg(2) = 2, outdeg(3) = 2, outdeg(4) = 1,
outdeg(5) = 0, outdeg(6) = 0, outdeg(7) = 0, outdeg(8) = 0, outdeg(9) = 0, and indeg(1) = 0,
indeg(2) = 1, indeg(3) = 0, indeg(4) = 0, indeg(5) = 1, indeg(6) = 1, indeg(7) = 1, indeg(8) = 1,
indeg(9) = 1. Thus, for the digraph UZ(1,5;0), the out-degree and in-degree sequences are
(0,0,0,0,0,1,2,2,2) and (0,0,0,1,1,1,1,1, 1) respectively.

Example 4.3. By using the same function as in Example 4.1 and taking k = 3, the indicator binary matrix
of V3 with respect to the orthonormal basis B is given by,

0001 1 000
100 0 0 0 11
0001 0O0O0TO0
100 0 0 0 1O
0001 0O0O0O0
000 O0O0OO0OT1FPO
00 0O0O0O0OTO0OT@ O
000 O0O0O0OO0TO

The corresponding k*" order slant Toeplitz graph of the above matrix will be U2, (3,4;1,3) as shown in
Figure 3.

1 4 n 3n—11 3n-5 3n+1 3n+2

Figure 3: Ug’o<3, 4;1,3).

It may be noted that outdeg(l) = 2, outdeg(2) = 3, outdeg(3) = 3, outdeg(4) = 4, and
indeg(1l) = 2, indeg(2) = 0, indeg(3) = 0, indeg(4) = 3. Now, considering k¥ = 3, a; = 3,
as = 4,b; = 1 and by = 3 and we get the vertices incident from an arbitrary vertex n given
by j =3n —11,3n — 5,3n + 1, 3n + 2. Clearly, for n > 4, the out-degree of the vertex n is 4.
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n—1n—2 n+5 n+11

3 3 '3 ' 3 . Thus, it can

Similarly, the vertices incident to n are given by i =
be seen that for n > 4,

0, ifn=0 (mod 3),
indeg(n) =43, ifn=1 (mod 3),
1, ifn=2 (mod 3).
Thus, the out-degree and the in-degree sequences for the digraph U3 (3,4; 1, 3) are (2,3, 3,4,4,4,...)
and (0,...,0,1,1,...,1,1,2,3,3,...) respectively.

Example 4.4. Taking k = 4 and using the function used in Example 4.1, the indicator binary matrix of
V} with respect to the orthonormal basis B is given by,

00011000
100 0 0 0 01
00001000
100 0 0 0 0 O
0 0001O0O0O0
0000 O0OO0OTO0TF
0000 O0OO0TO0TO 0
0000 O0O0TO0TF 0

The corresponding k'™ order slant Toeplitz graph of the above matrix will be U%_(3,4;1,3) as shown in
Figure 4.

1 4 n 4n —15 4n -7 4n in+1
Figure 4: U2 (3,4;1, 3).

It may be noted that outdeg(l) = 2, outdeg(2) = 3, outdeg(3) = 3, outdeg(4) = 4, and
indeg(1) = 2, indeg(2) = 0, indeg(3) = 0, indeg(4) = 1. Now, considering k = 3, a1 = 3,
ay = 4, by = 1and by = 3 and we get the vertices incident from an arbitrary vertex n given
by j = 4n — 15,4n — 7,4n,4n + 1. Clearly, for n > 4, the out-degree of the vertex n is 4.

n—1n n+7 n+15
474 47 4
1, ifn=0 (mod 4),
indeg(n) =43, ifn=1 (mod4),
0, ifn=2,3 (mod 4).

Similarly, the vertices incident to n are given by i = . Thus, forn > 4,

Consequently, the out-degree and the in-degree sequences for the digraph U2 (3,4; 1, 3) are
(2,3,3,4,4,4,...)and (0,...,0,1,1,...,1,1,2,3,3,...) respectively.

Readers are left to discuss these properties for higher values of k, and find out if there are any
similarities or patterns in them.
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5 Conclusion and Scope

We have established the block matrix decomposition of k'" order slant Toeplitz operators. We
have also discussed some relationships between the compressions of k' order slant Hankel and
k" order slant Toeplitz operators. Further, we studied the graphs of k" order slant Toeplitz op-
erators on H? and drew some related graphs.

We can further study the above relations by using the compressions of these generalized slant
Hankel and generalized slant Toeplitz operators to model spaces [10]. We can also discuss several
properties like norm, spectrum, compactness etc., of the products of such truncated operators
[6]. Hamiltonian properties of Toeplitz and directed Toeplitz graphs have been studied in [14]
and [11]. We can further examine and analyze these properties for generalized slant Toeplitz
operators.

Various structural and spectral properties along with hyponormality and isometric behaviour
of slant Toeplitz operators on the Lebesgue space of the n-torus have been thoroughly discussed in
[8]. By introducing the notion of slantification of a Hankel operator on the Hardy space of n-torus,
hyponormality, isometric behaviour, co-isometric behaviour and compactness of these operators
have also been studied [7]. Thus, we can also analyze various relations between the compressions
of k*" order slant Hankel and k'" order slant Toeplitz operators on such spaces.
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